A fully quantum mechanical model of two-component Manakov solitons is developed in both the Heisenberg and Schrödinger representations, followed by an analytical, linearized quantum theory of Manakov solitons in the Heisenberg picture. This theory is used to analyze the vacuum-induced fluctuations of Manakov soliton propagation and collision. The vacuum fluctuations induce phase diffusion and dispersion in Manakov soliton propagation. Calculations of the position, polarization angle, and polarization state fluctuations show an increase in collision-induced noise with a decrease in the relative velocity between the two solitons, as expected because of an increase in the interaction length. Fluctuations in both the polarization angle and state are shown to be independent of propagation distance, opening up possibilities for communications, switching, and logic, exploiting these properties of Manakov solitons. Calculations of the phase noise reveal, surprisingly, that the collision-induced fluctuations can be reduced slightly below the level of fluctuations in the absence of collision, due to cross-correlation effects between the collision-induced phase and amplitude fluctuations of the soliton. The squeezing effect of Manakov solitons is also studied and proven, unexpectedly, to have the same theoretical optimum as scalar solitons.
I. INTRODUCTION
In classical field theory, solitons propagate undistorted in the absence of perturbations. Quantum mechanically, however, solitons undergo phase diffusion and wave packet spreading during propagation ͓1-4͔. Experimental evidence has confirmed these effects ͓5,6͔, which have been the topic of recent reviews ͓7,8͔.
In this paper, we investigate the quantum theory of Manakov soliton propagation and collision. Manakov solitons are a specific integrable instance of two-component vector solitons described by a coupled set of Schrödinger equations with cubic nonlinearity, solved by the method of inverse scattering in 1973 ͓9͔. Recently, it has been shown that Manakov solitons demonstrate much more complex collision behavior than scalar, one-component solitons. By deriving a general two-soliton solution for the Manakov system, Radhakrishnan et al. ͓10͔ showed that collisions are characterized not only by a phase and position shift ͑similar to scalar soliton collisions͒, but also an intensity redistribution between the two component fields. This last property makes possible different applications for Manakov solitons, including collision-based logic and universal computation ͓11-14͔. Experimentally, energy-exchanging collisions ͓15͔ and information transfer ͓16͔ have been demonstrated in photorefractive crystals. There exist several candidates for the physical realization of Manakov solitons, including photorefractive crystals ͓15-19͔, semiconductor waveguides ͓20͔, quadratic media ͓21͔, optical fiber ͓22͔, and Bose-Einstein condensates ͓23͔.
Several approaches have been developed to study the quantum theory of pulse propagation in nonlinear media.
Carter et al. ͓1͔ and Drummond and Carter ͓2͔ numerically solved the scalar quantum nonlinear Schrödinger equation ͑QNLSE͒ based on a linearization approximation. The use of the positive-P representation transformed the QNLSE into stochastic nonlinear equations with noise terms. Later, this approach was extended to a vector, two-component theory ͓24͔ to study the squeezing spectrum of orthogonal polarizations of light in a birefringent medium ͓25͔. The theory of scalar solitons was studied also in the Schrödinger picture using the Bethe's ansatz method to construct bound-state eigensolutions ͓26͔, as well as an approximate analysis based on the Hartree approximation ͓3͔. Another approach uses the Wigner representation to derive approximate stochastic equations ͓27͔. Finally, a linearized approach to quantum solitons, developed by Haus and Lai ͓4͔, takes the classical soliton as the expectation value of the quantized field. Quantum effects appear as a perturbation to the classical field, upon which are projected statistics correlated to a zero-point fluctuation background, or vacuum fluctuations. This method forms the basis for the analytical results of this study, which has also been applied to second-order ͓28͔ and self-induced transparency solitons ͓29͔.
This paper is organized as follows. In Sec. II, we quantize the two-component field and derive the coupled QNLSE in both the Schrödinger and Heisenberg representations. Section III reviews Manakov soliton perturbation theory, in which the soliton is parametrized into six operators. In Sec. IV, we calculate uncertainties in these soliton operators and fully characterize the vacuum-induced fluctuations of these operators during propagation and collision. These computations reveal that the variance of fluctuations for soliton position, polarization angle, and polarization state increase as the relative velocity between colliding solitons decreases, as expected, because of an increase in the interaction length. But, different effects in the variance of the phase fluctuations arise, showing that the level of fluctuations after a collision *Electronic address: drand@princeton.edu can fall slightly below the variance level in the absence of collision. All these fluctuations can provide both a limit on the performance of communication or computation systems that rely on propagation and interaction of Manakov solitons, as well as guide future experiments confirming such effects. In Sec. V, we show, surprisingly, that optimal detection of squeezing in Manakov and scalar solitons is equivalent.
II. COUPLED QUANTUM NONLINEAR SCHRÖDINGER EQUATION
The Hamiltonian describing a dispersive, two-component system with nonlinear interaction is given by ͓30,31͔
where normal ordering of the field operators has been adopted. The quantum field amplitude operators û and û † correspond to annihilation and creation operators, respectively, where =1,2 represents the field component. The normalized time deviation from the pulse center x travels in a reference frame at the average group velocity of the two field components û 1 and û 2 , and the normalized parameter represents the magnitude of the cubic ͑Kerr͒ nonlinearity. We assume a lossless medium with an instantaneous electronic response, which is valid for picosecond pulses propagating in optical fiber for distances on the order of 1 km. The dimensionless photon density in these scaled units is ͉û † û ͉, where is a characteristic photon number scale that depends on the given physical system. The first term in Eq. ͑1͒ represents second-order dispersion, with higher-order dispersion neglected, while the remaining terms are interaction terms, which here describe self-and cross-phase modulation due to the Kerr nonlinearity.
The field operators û ͑x͒ and û † ͑x͒ are normalized in such a way that they obey the bosonic equal-space commutation relations
where , Ј =1,2 and all other operators commute. Here we choose equal-space commutation relations as opposed to the more formal equal-time commutation relations. Agreement between these two approaches has been shown previously ͓32͔.
The system described by the Hamiltonian of Eq. ͑1͒ can be analyzed using both the Schrödinger and Heisenberg representations. In the Heisenberg picture, in which ‫ץ͑‬ / ‫ץ‬z͒û ͑x , z͒ =−͑i / ប͓͒û ͑x , z͒ , Ĥ ͔, where z is the normalized propagation distance, we can derive the coupled QNLSE
Alternatively, in the Schrödinger picture, we define a state vector, ͉͑z͒͘, which is time dependent, and the quantum operators are those at z = 0. The Schrödinger equation for the state vector is
where the state ͉͑z͒͘ can be expanded in Fock space as
In this expansion, ͉0͘ is the two-component vacuum, f nm is a normalized wave function for the n + m particle system-n particles in mode 1, m particles in mode 2. The complex coefficients a l determine the photon statistics of the pulse. Although exact eigenfunctions of Ĥ can be constructed, it becomes technically inconvenient for a large number of bosons. In such cases, we can use the Hartree approximation ͓33͔, which, essentially, determines the behavior of each boson in the presence of all the others. Each boson then feels the same mean-field potential, and the many-body wave function f nm can be approximated as a product of singleboson wave functions
which is normalized by
Coupled equations of motion can be obtained for ⌽ n,n+m ͑1,2͒ by using the time-dependent Hartree variational method ͓33͔, which yields
͑8͒
As a result of the Hartree approximation, the first of Eqs. ͑8͒ shows that the nth boson of mode 1 interacts, in an identical manner, with both the remaining n − 1 bosons of mode 1 and all m bosons of mode 2, and similarly for the second equation. Equations ͑8͒ exactly coincide with the classical Manakov equations ͓9͔ in the high photon number limit, in which n ϳ m ӷ 1. We have thus formulated the problem in both the Schrödinger and Heisenberg pictures. In this paper, we will investigate the quantum properties of Manakov solitons at high photon number in the Heisenberg picture, since it lends itself to a more straightforward analysis using classical perturbation theory techniques. The coupled QNLSE, Eq. ͑3͒, can be written in vector form as
where ⌿ ϵ ͓ û 1 û 2 ͔ and ⌿ † is the transposed complex conjugate of ⌿ . The form of the classical fundamental Manakov soliton solution is ͓9͔
͑10͒
where we set = 1, corresponding to the case of anomalous dispersion where Eq. ͑9͒ admits bright soliton solutions. This solution has six arbitrary integration constants ͑as opposed to four in scalar soliton theory͒. They have been chosen so that A 0 is the scaled amplitude, defined in such a way that ͉͐͑u 10 ͉ 2 + ͉u 20 ͉ 2 ͒dx = A 0 , x 0 is the initial position, k x is the momentum per photon ͑frequency͒, 1,2 is the phase of each component, and represents the ratio between the absolute amplitudes of the vector components. For a Manakov soliton composed of two orthogonal polarizations, is the polarization angle.
III. QUANTUM PERTURBATION THEORY FOR MANAKOV SOLITONS
Following the formalism of Haus and Lai ͓4͔, we introduce the following perturbation into Eq. ͑9͒:
where ⌬⌿ ϵ ͓ ⌬û 1 ⌬û 2 ͔ , subject to the commutation relation
͑12͒
This linearization separates the field operator ⌿ into its mean value ⌿ 0 , the solution to the classical Manakov equations, and a remainder ⌬⌿ , which describes the quantum fluctuations and takes over the commutation relation of ⌿ , as shown in Eq. ͑12͒. Classical vector soliton interactions based on this linearization approximation were investigated recently ͓34͔. Our treatment uses similar perturbation theory techniques, but with a quantum mechanical perturbation term that describes vacuum fluctuations. The validity of this approach in soliton theory has been confirmed; corrections to the linearization were calculated using the Bethe ansatz solutions, where it was shown that, for high photon number and phase shifts up to 1/4 , the use of the classical solution as the mean field and the quantum noise as the perturbation is justified ͓3,35͔. For typical photon numbers of 10 9 , this approximation is valid for propagation lengths on the order of 1 km in optical fiber.
Substituting Eq. ͑11͒ into the coupled QNLSE and linearizing in terms of ⌬û 1 , ⌬û 2 gives the following coupled set of equations:
where the accompanying equation for ⌬û 2 can be found by interchanging the subscripts 1 and 2. In general, ⌬⌿ can be expanded as ⌬⌿ = ⌬⌿ sol + ⌬⌿ cont . In this expansion, the perturbation has been separated into two parts: a part ⌬⌿ sol , which describes changes in the soliton parameters, and a part ⌬⌿ cont due to dispersive waves that radiate from the perturbed soliton field, called the continuum. The first term ⌬⌿ sol can be expanded to describe the changes in the six soliton parameters. Since derivatives of the classical fundamental Manakov soliton solution ͓Eq. ͑10͔͒ with respect to the soliton parameters A 0 , x 0 , k x , 1,2 , and are solutions to Eq. ͑13͒, the expansion is
where basis vectors f m ͑x , z͒ϵ͉͑‫ץ‬⌿ 0 / ‫ץ‬m͉͒ x 0 =k x =0 , classical phase shift ⌽͑z͒ϵ͑A 0 2 /4͒z, and ⌬m ͑z͒ represents the quantum fluctuations of each soliton parameter. Without loss of generality, we have selected a reference frame moving with the soliton in such a way that x 0 = k x = 0. The vectors f m obey a biorthonormal relationship with adjoint vectors g m , satisfying
͑15͒
The vectors f m and g m are given in the Appendix.
As in the case of scalar solitons, the six basis functions f m ͑x , z͒ can be written explicitly as linear combinations of the six basis functions f m ͉͑x , z͉͒ z=0 and z. Given this property, it was shown that excitations of the continuum are orthogonal to excitations of the soliton parameters ͓29͔. In addition, the continuum disperses out totally at z → ϱ. For these reasons, we can neglect the continuum in the analysis that follows. It should be noted that a full set of excitation modes, including the continuum, has been found for the case of scalar and Manakov solitons in Refs. ͓36,37͔, respectively.
IV. FLUCTUATION OPERATORS
The quantum fluctuations of the six parameters can be obtained by inverting the expansion in Eq. ͑14͒ to give
where multiplication by the phase factor exp͑−i⌽͑z͒͒ cancels the mean phase shift. Using Eq. ͑16͒, the following pairs of noncommuting operators can be calculated:
where all other pairs of operators commute. The first three relations are photon number and phase commutators, whereas the last is the commutation relation for momentum and position. Since these commutators are conserved during evolution, we have quantized the soliton excitation successfully and there is no need to introduce additional noise sources. A word of caution is in order. At values of approaching 0 or / 2, singularities in these commutators appear. At these values, a majority of photons are in one component of the soliton, where the scaled amplitudes of each component are proportional to A 0 cos and A 0 sin . However, our linearization assumes a large photon number. Therefore, these amplitude and phase relations do not hold in this approximation for all values of . As a result, the theory developed here is limited to Manakov solitons in which both components have a substantially high photon number ͓35͔.
To establish a conservative estimate on the allowable range of , we will assume pulses with photon numbers of 10 9 to propagate 100 m, an order of magnitude greater than the distance for which quantum effects become experimentally observable ͓5͔. Using these parameters, values of 1°Ͻ Ͻ 89°will be valid for the chosen linearization. For other values of , we demonstrate later in this section that the soliton fluctuations approach the scalar soliton fluctuations because of a correspondence that arises at these limits.
A. Propagation
In order to calculate the initial variances of the fluctuation operators, we assume that the soliton is initially in a uniform zero-point fluctuation background, so that ͗⌬û ⌬û † ͘ = ␦ Ј ␦͑x − xЈ͒, =1,2, and all other correlations vanish. This state is chosen because it contains a minimal amount of initial quantum noise and represents accurately the radiation from a mode-locked laser. We can therefore compute the variances of the vacuum-induced fluctuations using Eq. ͑16͒ at z =0 The uncertainty products of the photon number and phase are
where the photon number uncertainty in each component is given by ⌬͑Â 0 cos ͒ and ⌬͑Â 0 sin ͒, and the uncertainty product for momentum and position is
Like the scalar soliton, the Manakov soliton combines properties characteristic of both waves and particles and possesses pairs of operators describing both properties. The uncertainty products in Eq. ͑19͒ show the photon number and phase relationship characteristic of a wave, and Eq. ͑20͒ describes the position and momentum uncertainty product characteristic of a particle. The lower bound on the first two expressions corresponds exactly to the uncertainty product for scalar solitons ͓4͔. These inequalities reach the lower bound at the excluded values of = 0 and / 2, representing a correspondence between the Manakov and scalar cases, which should arise at these extremal values. From Eq. ͑16͒, the fluctuation operators ⌬m ͑z͒ at any position z are
Consistent with scalar soliton theory, Eqs. ͑21͒ show that phase and position become correlated with amplitude and momentum, respectively. As a result, the soliton experiences phase diffusion and wave packet spreading, while the amplitudes of each component and the momentum propagate unchanged. The term responsible for wave packet spreading, ⌬x 0 ͑z͒, can be attributed to the group velocity dispersion of the Kerr medium, while the phase diffusion terms, ⌬ 1 ͑z͒ and ⌬ 2 ͑z͒, result from the combined effects of self-and cross-phase modulation. It should be noted that these propagation-induced fluctuations do not present a fundamental limit to the performance of a particular application. In fact, it was shown that both of these propagation-dependent effects can be canceled with the insertion of a near-resonant two-level system ͓38,39͔. From Eqs. ͑18͒ and ͑21͒, the variances of the six soliton parameters at some arbitrary point z are
These six equations describe fully the evolution of vacuum noise for the six parameters of a Manakov soliton in the absence of collision. The initial frequency fluctuations cause a quadratic increase in the variance of position fluctuations as a function of propagation distance due to the group velocity dispersion of the medium. In addition, the variance of phase fluctuations of each component increases quadratically with propagation as a result of zero-point amplitude fluctuations, which couple to the Kerr nonlinearity. Amplitude fluctuations obey Poisson statistics, and the variance of polarization angle fluctuations, an identifying characteristic of vector solitons, is independent of the distance propagated.
B. Collision
It has been shown previously that vacuum noise causes sufficient wave packet spreading to give rise to large error rates in cascaded logic gates based on scalar soliton collisions ͓40͔. Calculating the vacuum-induced fluctuations of Manakov solitons can be applied similarly, in order to investigate whether quantum noise will present similar obstacles toward the realization of switching, logic, and computation based on Manakov solitons ͓11-14͔. In addition, this theory can be applied in the planning of new experiments to test quantum effects in this coupled system.
A collision between scalar solitons induces a phase shift and a time ͑or, equivalently, position͒ shift ͓41͔. Manakov soliton collisions demonstrate these same effects, with an additional collision process that involves an intensity redistribution between the two component fields u 10 and u 20 ͓10͔. This last property has been applied recently to show collision-based logic and universal computation ͓11-14͔.
A quantum description of scalar soliton collisions has been treated by several authors, primarily in the context of quantum nondemolition measurements ͓30,40,42,43͔. In order to study the quantum fluctuations in a collision of two Manakov solitons, we assume that both solitons are initially well separated in space, in such a way that they can be treated as the sum of two independent fundamental solitons. The perturbation of each soliton can then be decomposed into a linear combination of its six fluctuation operators. After collision, however, the solitons become quantummechanically entangled. Therefore, the twelve ͑six for each soliton͒ post-collision operators will depend nontrivially on the precollision operators. As in our previous analysis, we neglect the noise contributions that arise as a result of interactions between the continuous spectrum and each soliton field.
The classical position shift of soliton 1 after a collision with soliton 2 is given by ͓44͔:
͑23͒
where
␣ 2 ͑j͒ ϵ sin ͑j͒ exp͑i 2 ͑j͒ ͒, j =1,2 is the soliton number, and
. The position fluctuation in soliton 1 because of the collision can be calculated by
The overall fluctuation of the position operator of soliton 1 can therefore be generalized from Eq. ͑21͒ to include one collision
The variance of soliton position after one collision can likewise be calculated
͑26͒
The last two terms in Eq. ͑26͒ arise due to collision, in which the first results from a cross-correlation between the fluctuations in velocity, ⌬k x ͑1͒ ͑0͒, and the collision-induced position shift. The classical postcollision polarization and carrier phase of soliton 1, ␣ i ͑1͒+ , after a collision with soliton 2 are described by ͓44͔
͑27͒
where i =1,2 is the soliton component. The variances ͗⌬ 2 ͑z͒͘, ͗⌬ 1 2 ͑z͒͘, and ͗⌬ 2 2 ͑z͒͘ can be determined from Eq.
͑27͒ to include collisions in the same manner as ͗⌬x 0 ͑1͒2 ͑z͒͘.
By straightforward manipulation of Eq. ͑27͒, an expression can be obtained for the collisional phase and polarization angle shifts ␦ i ͑1͒ and ␦ ͑1͒ . The total variance of soliton phase and polarization angle after one collision is then given by
where ⌬␦ i ͑1͒ and ⌬␦ ͑1͒ are defined in the same way as ⌬␦x ͑1͒ in Eq. ͑24͒. It is remarkable that the variance of polarization angle is independent of propagation distance.
Due to the quadratic dependencies of ͗⌬x 0 2 ͑z͒͘ and ͗⌬ i 2 ͑z͒͘ on the scaled propagation distance z, phase diffusion and wave packet spreading can become limiting factors in communications or computation systems using Manakov solitons, even without considering collisions. As an example, ͗⌬x 0 2 ͑z͒͘, ͗⌬ 2 ͑z͒͘, and ͗⌬ 1 2 ͑z͒͘ are calculated for a twosoliton collision using Eqs. ͑26͒ and ͑28͒ and plotted in Figs. 1-3, respectively, as both a function of the propagation distance z and the relative velocity between the colliding solitons. The parameters of soliton 1, 2 for these and all subsequent calculations are: A 0 =1,1; k x =0,−␦k x ; =3 /10, /6; 1 =0,0; 2 = /3,2 / 5, unless otherwise noted. The velocity dependence of these effects are investigated by varying the relative velocity ␦k x ϵ k x ͑1͒ − k x ͑2͒ . We will concentrate only on one phase operator, noting that the behavior of both ͗⌬ 1 2 ͑z͒͘ and ͗⌬ 2 2 ͑z͒͘ is qualitatively identical for the studied cases.
Each of these plots demonstrates the relative effect collisions induce on the vacuum fluctuations of Manakov solitons. We show these calculations for z Ͼ 20, which provides at least 5 collision lengths as given by z␦k x / 2, in order to insure the validity of the asymptotic collision formulas given in Eqs. ͑23͒ and ͑27͒. In Fig. 1 , it is clear that the term quadratic in z dominates the overall position noise. The two collision terms of Eq. ͑26͒ each introduce positive contributions to the fluctuations, as evidenced by the curves with and without collision. It is not surprising that, as the relative velocity between the two solitons is decreased, the fluctuations increase because of an increase in the interaction length.
The variance of polarization angle fluctuations is shown in Fig. 2 . Since ͗⌬ ͑1͒2 ͘ is independent of propagation distance, we show the fluctuation effects as a function of relative velocity ␦k x . As expected, a decrease in relative velocity results in a subsequent increase in the variance. Furthermore, the variance approaches the no-collision value ͗⌬ 2 ͘ 0 , as given in Eq. ͑22͒, in the limit of low interaction strength. corresponding to varying photon numbers, approaches the nocollision limit ͗⌬ 2 ͘ 0 given in Eq. ͑18͒.
In Fig. 3 , we find, surprisingly, that the soliton collision slightly reduces the variance of the phase fluctuations. In addition, longer interaction lengths, due to a smaller relative velocity, will decrease the variance further, as shown in the inset of Fig. 3 . From the third term on the right-hand side of Eq. ͑28a͒, we observe that this variance depends on the slope of the classical phase shift during collision with respect to the amplitude of the pulse. This slope is always negative, as can be seen more simply from the classical expression for the collision phase shift for a scalar soliton ͑Eq. ͑27b͒ of ͓41͔͒. The effect of increasing one soliton amplitude with respect to another causes it to receive less phase shift from the smaller soliton, and vice versa, resulting in an overall reduction of the phase variance.
From Figs. 1-3 it is apparent that the collision-induced fluctuations can seriously affect and perhaps limit the performance of systems that use Manakov solitons. Existing strategies for Manakov soliton computing and logic depend critically on the complex-valued polarization state ϵ u 10 / u 20 = cot exp͓i͑ 1 − 2 ͔͒, defined as the ratio between the u 10 and u 20 components ͓11-14͔. Fluctuations in are calculated through a perturbative approach in which
Since ‫ץ‬ / ‫ץ‬ 1 ‫ץ͑−=‬ / ‫ץ‬ 2 ͒, it is found that fluctuations of the polarization state are independent of propagation distance. This result suggests that, in the range of validity for the linearized perturbation method ͓3,35͔, collision-based soliton computing may be limited only by the relative collision velocity and number of collisions, and not by the total propagation distance. The variance of polarization state fluctuations is plotted versus relative velocity in Fig. 4 . With increasing relative velocity, the variance approaches the nocollision variance, given by
Moreover, the fluctuations increase as the strength of the interaction increases. The extent to which these effects will hinder the performance of any particular system remains a topic for future work.
V. SOLITON DETECTION AND SQUEEZING
The generation of squeezed states of light has attracted much interest in quantum information and computation, in addition to enabling measurements below the shot noise level. Squeezing of scalar solitons is a well-known effect, experimentally observed for both pairs of conjugate operators ͓5,6͔. Natural questions to ask are how the squeezing of Manakov solitons can be accomplished and how it compares with the scalar case.
The soliton operators can be extracted using a balanced homodyne detection scheme that performs a projection onto the desired operator ͓4͔. The experimental setup is shown in Fig. 5 . The orthogonal polarization components of two pulses, an input ⌬⌿ ͑x , z͒ and a local oscillator ͑LO͒
͔ , are separated in a polarization beam splitter ͑PBS͒. The PBS for the LO is not shown in Fig. 5 . Each of the two components mix in a 50-50 beam splitter and are detected by photodetectors. The difference of the output currents is summed and integrated to complete the measurement, and the output M ͑z͒ is ͓4͔
subject to the normalization condition
Comparison of Eqs. ͑31͒ and ͑16͒ shows that by appropriate shaping of the LO pulse, any of the six soliton operators can corresponding to varying photon numbers, approaches the nocollision limit ͗⌬ 2 ͘ 0 given in Eq. ͑30͒.
be detected. Furthermore, since these six operators evolve in their own subspace, this measurement scheme suppresses any contributions of the continuum. Thus, by setting the LO pulse proportional to g m ͑x͒exp͓i⌽͑z͔͒, we can measure the fluctuation operators ⌬m ͑z͒. Moreover, it was observed that because of the linearity of this detection process, any linear combinations of the operators can be measured as well, provided a LO that is a linear combination of the adjoint functions is used ͓29͔.
The soliton operators become correlated with propagation, as can be seen in Eqs. ͑21͒, which show the coupling that exists between photon number and phase, and between position and momentum. Using a LO that is a linear combination of particular soliton operators can allow a reduction in the amount of detected noise, and thus make the observation of squeezing possible. To demonstrate optimal squeezing of phase and photon number in a Manakov soliton, we choose the LO to be
which will detect, from Eq. ͑31͒, the operator
According to Eq. ͑32͒, the coefficients c A , c 1 , and c 2 must obey the condition
We consider only the LO of Eq. ͑33͒, which gives rise to optimal squeezing, because this measurement will lead to the maximum reduction in the noise floor that exists in optical detection. The squeezing ratio is defined as
According to this definition, squeezing is observed when measurement of the quantum noise at the output is less than the input. The input ͑vacuum͒ state and output state are measured in an identical fashion. The minimum value of R͑z͒, subject to the constraint in Eq. ͑35͒, is found using the method of Lagrange multipliers, resulting in
Using Eqs. ͑18͒, we find that
which corresponds exactly to the optimum achieved previously in scalar soliton squeezing ͓4,45͔. This result suggests that, regardless of the amplitudes of each component of the Manakov soliton ͑or, equivalently, the value of ͒, the optimum amount of achievable squeezing when using the LO given in Eq. ͑33͒ is identical to the scalar soliton theory. The squeezing ratio R opt ͑z͒ is plotted as a function of the classical phase shift ⌽͑z͒ in Fig. 6 . Although there is no advantage in the optimal squeezing of Manakov solitons, this calculation is aimed at systems using vector solitons, the performance of which could be improved through proper measurement. In order to study the squeezing effects for an arbitrary LO, a numerical approach would need to be taken, where one could investigate, for example, the squeezing in each polarization component. This lies outside the scope of the current paper and remains a topic for future work. The use of a nonideal LO adds another level of complexity to the problem because it requires incorporation of the continuum.
VI. CONCLUSION
In this paper, we have developed an analytical quantum theory of Manakov solitons based on a linearization approximation that separates the soliton into classical and quantum mechanical parts. Using perturbation theory, effects due to the quantum field were investigated in which analytical ex- pressions were derived, describing the evolution of the six physical soliton parameters with and without the effects of collision. Vacuum-induced fluctuations were also described using this theory. Manakov solitons were shown, like scalar solitons, to undergo phase diffusion and wave packet spreading due to the Kerr nonlinearity and dispersion of the medium, respectively. However, different effects describing the evolution of the polarization angle and polarization state appear in Manakov solitons, and both of these parameters were found to be independent of propagation distance. By varying the relative velocity of the two solitons, collision effects were studied for the position, polarization angle, and polarization state fluctuations. It was found that the variances of these fluctuations increase with decreasing relative velocity, as expected. Calculations of the Manakov soliton phase fluctuations showed the effect that the collision-induced phase variance can actually fall below the level of fluctuations in the absence of collision. We have also shown that, like the fundamental scalar soliton, the fundamental Manakov soliton undergoes a squeezing effect. Surprisingly, the optimal squeezing was proven identical to scalar soliton theory.
These results suggest avenues for future work on applications of Manakov solitons. Since fluctuations of the polarization angle and polarization state are independent of propagation distance, applications exploiting these quantities will not suffer the same limitations as applications based on, for example, pulse position, which is subject to increasing jitter as a function of the distance propagated. This theory can both provide an upper-bound limit on the performance of communication or computation systems using Manakov solitons and serve as a guide to designing new experiments to test the fundamental quantum properties of such nonlinear waves.
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